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Damage spreading in theq-state Potts model
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Dynamical evolution, in the phase space, of the ferromagneticq-state Potts model on a square lattice is used
in order to study the spread of damage. Our results obtained by numerical Monte Carlo simulation, updating
the system by a Glauber dynamics, show that this approach is appropriate to calculate the critical temperature
Tc ~the same asTd where the damage spreads!, as well as to indicate the order of the phase transition
~second-order forq<qc and first-order forq.qc). The present simulation on finite systems yieldsqc57, to be
compared with the exact value ofqc54 in the thermodynamical limit.@S1063-651X~97!10402-0#

PACS number~s!: 05.50.1q, 64.60.2i, 75.40.Mg
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Among several models of statistical mechanics emplo
to study cooperative systems~many degrees of freedom mu
tually interacting!, one of the most useful is the Potts mod
developed as a generalization of the Ising model and ap
priate to describe many real systems. In this model, the s
of a lattice are occupied by identical variabless i , each one
having q possible states. The Hamiltonian for theq-state
Potts model is given by@1,2#

H52(
^ i , j &

Ji jd~s i ,s j !, ~1!

where ^ i , j & denotes the sum over all pairs of neare
neighbor sites of the lattice,Ji j is the coupling constant
d(s i ,s j ) is the Kronecker function, and
s i50,1,2, . . . ,(q21).

On the square lattice, the uniform ferromagnetic mo
(Ji j5J.0) presents a phase transition at the critical te
perature kBTc(q)/J51/ln(11Aq) @3#, where kB is the
Boltzmann constant. Most interesting, the order of the ph
transition changes from second order forq<4 to first order
for q>5 @4#; the same phenomenon occurs in the thr
dimensional case at the neighborhood ofq.3.

As few exact results are known, in one and two dime
sions, several methods have been applied in the study of
model as, for example, the renormalization group, series
pansion, and numerical simulation@2#. In the latter approach
@5,6#, time evolution of some configurations of the model,
phase space, is monitored and both equilibrium and none
librium physical quantities can be calculated.

In the last years, a method of numerical simulation t
has been proved useful is the so-called damage sprea
approach. It consists of following the simultaneous time e
lution of two microscopic configurations of the model and
measuring the total damage between them.
551063-651X/97/55~2!/1448~3!/$10.00
d

,
o-
es

-

l
-

e

-

-
is
x-

ui-

t
ing
-
f

The spread of the damage technique has attracted g
attention, mainly in the case of models defined in terms
Boolean variables; e.g., the Ising model@7–14# and cellular
automata@15#. Some interesting results were noted:~i! there
is a dynamical critical phenomenon at the frontier betwe
the ~chaotic! region, where the damage spreads, and the~fro-
zen! region, where the damage heals;~ii ! surprisingly, this
phenomenon is also very sensitive to aspects such as
initial damage, and the dynamical rule used for the system
evolve;~iii ! in the case of thermal models there is, in gene
good agreement between the critical temperature for dam
spreading,Td , and the Curie critical temperature,TC .

For theq-state Potts model considered here, we mon
the time evolution of two configurationsA5$s i

A(t)% and
B5$s i

B(t)%, on a square lattice withN sites, and the tota
average damage at timet is calculated as the fraction o
corresponding sites that are in different states, that is,

D~ t !5
1

N(
i51

N

@12d„s i
A~ t !,s i

B~ t !…#. ~2!

Starting with configurationA thermalized at a given tem
peratureT, configurationB is created with a certain fraction
D(0)5M /N of damaged sites, as compared with those c
responding sites ofA. For each temperatureT and initial
damageD(0), wethen let both configurations evolve in tim
according to the same dynamics, i.e., the same rule and
same random number sequence in the Monte Carlo pr
dure. After a relaxation time needed for the damaged cop
also be thermalized, we monitor the damage for a long ti
in order to calculate its time average value given by
Hamming distance~2!. This procedure is repeated for man
different samples~initial configurationsA andB).

At a given time, the variables i(t)5s at sitei , is updated
according to the following rule: First, the new sta
1448 © 1997 The American Physical Society
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FIG. 1. Average damageD(t) as function of
the temperatureT for D(0)51/N and 50350 lat-
tices, obtained from simulations on theq-state
Potts model employing a Glauber dynamics~see
text!. The damage equals (q21)/q in the chaotic
region.
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s i(t11)5s8, with (s8Þs), is chosen with equal probability
This is performed on the computer by dividing the interv
@0,1# into (q21) equal pieces, and calling a random numb
xi(t) uniformly distributed between 0 and 1. In the prese
implementation the new state is set equal tos8 if xi(t) falls
in the interval

r21

q21
<xi~ t !,

r

q21
, ~3!

wherer51,2, . . . ,(q21) ands85(s1r )modq.
Second, the states8 is then accepted with probability

pi~ t !5
1

11exp~bDH !
, ~4!

FIG. 2. Average damageD(t) vs the reduced temperatur
T/Tc(q) for q53 and for initial damagesD(0)51/N and
D(0)51. We have observed the same behavior for all values
q>3; while for q52 an initial symmetric damage is preserved.
l
r
t

whereb51/kBT andDH is the change in energy associat
with such a move. On the computer, this is implemented
calling a second random numberyi(t) uniformly distributed
in the interval@0,1#, and setting

s i~ t11!5H s8 if yi~ t !<pi~ t !

s otherwise.
~5!

The same pair of random numbersxi(t) andyi(t) is used for
updatings i

A(t) ands i
B(t) at sitei in both configurations. In

the high-temperature limit, where the probabilities given
Eq. ~4! go to 0.5 independent of the neighbor configuratio
the application of the above dynamical rule to dama
spreading simulations yields a vanishing Hamming distan
This corresponds to a generalization of the Glauber dyn
ics high-temperature result@9# for an Ising (q52) ferromag-
net. It is also important to note that, once the configuratio
A andB become identical they will always stay identical.

f
FIG. 3. Theq dependence of the temperatureT* ~open circles!

above which the damage becomes independent of the inital co
tion, and the dynamic transition temperatureTd ~closed circles!.
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Figure 1 shows the temperature dependence of the lo
time damage, obtained from simulations on square lattice
size 50350 with periodic boundary conditions, and for in
tial damageD(0)51/N. The damage was allowed to rela
over a time of 1000 Monte Carlo steps per spin, its spread
was monitored during 2000 time units. For each tempera
the averages were performed over 64 samples. For all va
of q, the above dynamics yields a frozen phase forT,Td
and a chaotic phase forT>Td .

The chaotic phase has a damage rapidily increasing t
high-temperature valueD(T→`)5(q21)/q. At this limit,
all q2 configurations of two corresponding sites occur w
equal probability, but onlyq(q21) corresponds to damage
configurations.

We have noted for all values ofq thatTd(q).Tc(q) ~in
the limit of precision of our calculations!, showing that this
approach can be used to obtain the critical tempera
Tc(q) in other lattices where the exact value is not availab

In Fig. 2 we show forq53 the behavior of the averag
damage for bothD(0)51/N andD(0)51, as a function of
the reduced temperatureT/Tc(q). In the latter case, the fro
zen region disappears, but for a characteristic tempera
T*>Td the damage assumes its high-temperature va
(q21)/q, joining with the curve forD(0)51/N. The same
behavior is observed for all values ofq>3. We recall that
for q52, i.e., for the Ising ferromagnet, the Glauber dyna
.
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ics preserves the initial symmetric damage,D(0)51, for all
times and temperatures.

The temperatureT* above which the average damage b
comes independent of its initial condition, allows us to defi
an intervalDT5T*2Td whoseq dependence shows a de
creasing behavior with increasing values ofq ~see Fig. 3!.
For q58 we obtainDT50.001Tc(q), which is the limit of
precision of our simulation, characterizing a discontinuo
behavior of the temperature dependence of the average d
age. The value ofq*58 is here identified withqc11, where
the system undergoes a first-order phase transition. The
mate value ofqc57 that follows from simulations on lattice
of size 50350, compared with the exact result ofqc54,
suggests a weak convergence to the thermodynamical li
Indeeed, the latent heat increases very slowly withq, for
q.4 @4#. Further work, addressed to a finite-size analysis
the L dependence ofDT, would be of interest in order to
improve the estimation of the criticalq value.

To summarize, our damage spread study on the ferrom
neticq-state Potts model on square lattices, showed that
possible to calculate the critical temperatures of the mode
well as to give some indication of the order of the pha
transition.

This work was supported in part by CAPES, CNPq, a
FINEP.
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